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XV. Anew tbemy of the Rbtatory Motion of Bodies affeSfed' 
by Forces diJlmUngfucb Motion. By Mr. Jphn Lan- 
^tn^F.R.S.. 



Read Feb. 2o,T ji^yi induced to confidcr tHis paper as 

1777 ■ 

•*• iiot unworthy the notice of this Society^ 
through a perfuafion tliat the theory herein contained 
will conduce to the improvement of fcience^by enabling 
the reader to form a true idea, and accordingly to make 
a compvitation of the motion (or dhmi^) of the axis about 
which a body Imviiig a rotatory ift<M*im^^^ have 

a tendency to turn, xipon bdng affeiile4 fey a force dif- 
.turbing its rolatfeiii; partitral^ly of Ihf inotion of the 
earth's axis arifing &oRii the attrj^ion of the Sun and 
Moon on the protuberant rri^t^ of the earth above its 
greatefl: infcribed fphere:^^ compound motion, I 
conceive, has not been rightly explained by any one of 
the eminent mathematicians whofe writings on the fame 
fubje6t have come to my hands. Whether in this effay 
I have really fucceeded better than other writers who 
have attempted an explanation of fuch motion, 1 fubmit 
to gentlemen well verfed in mechanics to determine. 

I » Fig- 



I . Fig. J . Let the fphere adbe, wkofe radius is n^ re^- 
irolve uniformly about the diameter acb a§ aa axis, with 
thp angular velocity £:, meafured at b or t, the motion 
being aqcording to the order of the letters dgew^ in the 
fe^ion at right angles to acb, fig. %.i and, whilft it is fo 
revolving, let the pole a be impelled by fome inftan* 
taneous percuffive forc^ to tpm sbout the diameter dce^ 
from A towards h, with the velocity ^. It is propofed to 
find the new axis about which the fphere will rev()lve 
after receiving fuch impulfct 

r*^^^: the 
velocity of th^ point »^ (about acb) before the impulfa 

on a will be ;= —; and ijtie velocity (about ©ce) given 
to the fame point (a) by the faid impulfe wifl be =s 
«^%/>^^"--< ^ WMdh velocities of the pmnt ^ ^being in con- 
trary dire<aions, if 5t be fo fituated that they be equals 
then, one deftroying the other, that point will flop and 
become one of the new poles fought, about which the for- 
mer poles A and B will revolve with the velocity w; and this 
points D and e wiU revolve with the fame velocity (c) as 
before the pertarbating impulfe on the point a; but in- 
ftead of defcribing the great circle dge% their motion 
will be about the new axis ab \ about which they (as wdl 
21s the points A and b) wil defcribe leffer circles parallel 

M m a to 
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to the great circle de^ in which the points ^and $i^de 
being at right angles to i?^) will revolve about the feme 

axis {a b) with the velocity V^*-fw*. Which being de^ 
noted by e^ and m and /^ being put for the iShe and cofifie 
of the angle ac ^ to the radius t^me^SXi^f^^Wfne^c^ 
and confequently mne^::^ c^... 

Now taking ff = !5xrz:£, in oider to find that new 

z%isa6f we have from that tsquatidnAr=--r==% 

Moreover it is .obvious, that if a fpKeroid, a cylinder, 
or any other body, whofe center x)f gravity is c and pro- 
per axis ACB> were, whilli: revolving about that axis witih 
the fame ang\#r velocity (ir)^ to receive fudb an inq)ulfe 
a? inftantly to give the point a the angular velocity ^^ 
about Dci ; the axis about which that fpheroid, cylinder, 
or otherbody,mmediatel)f after the impulfe, would re- 
volve, or would' have a. tendency to revoliTe, would bfe 
the f^ine lifte ^iJ. 

The great circle de (fig. i .) and iny othtr great circlfe 
fo fituated with refpea to the axis of any revolving 
iphere, I ihalfdenominate the mM-tirck. 

2 . In the manner ab6 ve defcfibed the polels of the fphere 
are by the inftintaneous impulfe on the point a inftatotly 
changed from A and 3 to ^ and A Butif^^infteadof ftich 
impulfe, axontiiitied attraaive fokie f (like that of gria- 

vity) 
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Vity) afted at a %• 3. and at the new poles a^ a. Sec. as 
they become fuch by a fuccefEve change caufed by fuch 
continued action of the force f urging the fphere at 

i i it II 

every inftant to revolve about the diameter de^ or de^ 

i if 

8cc. of the contemporary mid-circle, the new pole (a^ a^ 
&c.) would not inftantly be at a finite diftance from the 
p-imitive pole a, but fome finite time %vould be requifite, 
that by fuch fucceifive change, the ;^le might be varied 
to a finite diftance from a: and the force f continuing 
invariable, the velocity (t;) wherewith the pole changed 

its place would be expreffed by y, / being the time elap- 

fed whilft the |^le . is varying from a to #, and z the 
length of the arc a a. Therefore the velocity wherewith 
the pole will change its place during fuch adtion of the 
force F will be expreffed in the fame manner as the ve- 
locity (v) of a body moving uniformly from a to a in 
the time J may be expreffed; that is, in both cafes^ will 



% 



be = J • . But there i& a material difference between the 

motion of a body fo moving from a to 1? and the change 

f i* 
of place of the pole a^ a^ &c* the former is permanent, 

and will continue to carry the body forward without the 

action of any force whatever; whereas the latter will 

inftantly ceafe, and the axis will keep its pofition, if the 

force 



force F ceafes to a^ thereoa; like as tMe varying direc- 
tion of a proje<5lile near tlie earth's furface would imrae** 
diatelj ceafe to change^ if the force of gravity ceafed to 
a6t. 

It 15 ohfervable,, that whiiift the force f a£ls^ and the 
revolving fphere, in confeqnence of fnch a<^on, every 
moment takes a new axis, the angular motion aboiat the 
a^cis will continue invariable ; the action of fuch force 
only altering the axis without altering the angular velo- 
city of the fphere about it : like as the dire<5lion of a 
moving body is ^tered, without altering the vel(x:ity 
thereof, by an attra<9;ive force continually ^ing on it in 
a direftion at right angles to that in which the body is 
moving. And if ever the foroe f fliall ceafe to aft, the 
fphere wMl inftantly revolve with its primitive velocity 
(c) about the axis it then may have been brought to take 
by the prea<5lion of that force. 

The ne%v axis, about which the fphere has fuch ten- 
dency to revolve at any inftant during the aftion of the 
force F, I fhall call the fmmmtary ami and the pjles 
thereof the momentary polm. 

3. F^m the equation 2=^^- (a«. ^.) we have 
=. • Now if a cxjntinued attraftive force (f ) aft 
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during the time t as above-mentioned^ Inftead of the 
4 ii^an** 
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inftantaaeous percufiive force at a, we, according to the 
do^tine of fluxions, miift, inftead of ^, take fe^, or its 

equal F 4 and x inftead of ^, in the expreflion ^ ; there* 
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fore, in this cafe, we have - = -r =:-—==. Whence, put* 



ting z for the ^x: (ai^t, or Aa^ &c.) whofe fine is #, and 
writing «• for its equal -^, weget ^L^ = ., or .' = ^^, 

Hence V denoting the velocity wherewith the mo- 



mentary pole (a, «, Sec.) changes its place during the 

- ■ ♦ 

ai6tion of the accelerative force f, we have z = vl=^~y 
and confequently ^ r:^ 

4t The vahie of v may alfo be determined in the fot- 
lowing manner (fig. 4-)*' Conceive a very thin ftring 
(without weight) to have one of its ends fattened to a 
fixed point /and the other to a heavy particle of matter 
m% alfo cpnceive fuch particle fo to revolve with the ve- 
locity ^,^)out the line /^, that a certain accelerative 
force F (like that of gravity referred to a certain direc- 
tion) continually a£ting on the faid particle my in a di- 
rea;ion at right ai^gles both to the ftrieg im and to the 

1 - 

tangent to the curve in which ^ is moving, the ftring 
ihall defcribe a conical furfaee. Then Im being denoted 

by 
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by r^ and mo^ perpendkular to In, by^; ^ j the ce^ilri-^ 
fugal force urging w in th'^ dive&tion omj will be to i? m 

r^'-q^zi Iq. Therefore t muft be = L^iLLZX. Now 

if, whilft ;i?^ is fo revolyingv the force f ceafes acting, the 
faid particle {ni) will, It is obvious, immediately proceed 
to defcribe a 'great circle of the fph^ere whofe radius is r 
and center /, of which great circle one of the poles will 
be fituated in aleffer circle parallel to, and 90*^ diftant 
from, that defcribed by m during fuch adlion of the faid 
force,; which pole, during fuch a6tior\, will change it5 
place in the faid lefler circle in which it will at any time 
be found with a velocity {v) which will be to e as {/) the 
radius of the laft mentioned circle to q. But s will be -^ 

Vr^/; therefore we have v. : e v. 's/r^-q' : ^, and ^^^"^^ ■- 
^ ^ . Confequently f = i^S! will be = ~ x ^ =1!^, and 
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Let now m be a point on the furface of a fphere whofe 
ceHter is /, and radius lm^r\ and let the Iphere revolve 
about an axis fo that ffi fhall defcribe a great circle with 
the velocity e. If then fuch a motive force begins to tlQl 
on the fphere, that, continuing its adlion, the point m 
ihall all ways be urged by the invariable accelerative force 
vF to move in a direction at right angles to the ray Im and 
7 to 
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to the tangent to the curve wMeh^ will defcribe; that 
point it is obvious will, in cortfeqnence of the aftioii of 
that force, defccibe a leffer circle of the fame radius (f) 
as that defcribed by the particle m when fattened to % 
ftring and afted on by the force f as above-mentioned; 
and the center of the fphere being always confidered as 
at refti one erf the mcMnentary poles of the %here will 

i W ii 1 11 mm ii nin II 

defcribe a circle whole aradius will be ;=: V f'-^ q" paralM, 
l%and ^o'^diftantfrom., that defcribed by the point fi^. 
For if the faid force were to ceafe acting, thtt point of 
the fphere would defixibe a great circle, as woiald tilie 
particle m at the ftring in the like cafe; and therefore 
both the faid particle and the point ^ of the fphere 2(t 
ev<^ inftant having the fame tendency, and being a^^ed 
on by equal ai^elerative forces, the eflfeia will be the fen^ 
with refpeA tothemotionof each. Confequently,^' being 
put to denote the velocity wharewith the momentary 
pde changes its plaoe in the drck which it will defcribe 
whilft the motiw force jsroducimg the accelerative force 

F afts G^ m as juft now mentioned, v will be = -^, the 
fame as in the preceding article, e here denoting that 
velocity which we there denoted by €. 

5. Refeiringthe point of aiStion of the perturbating 
force to the mid-drde we have not hitherto confidered 

Vol. LX¥IL N n that 
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that point as varied with a greater or lefs velocity than 
{e) that of the point m ; that is, with reference to fuch 
circle we have always coufidered the point m as the point 
of aftion. But it is obvious, that, ceteris paribus^ the 
point of aftion with refpeft to the mid-circle (which 
point we will now denote by q) ntiay be varied with a 
velocity greater or lefs than e\ and that, cater is paribus^ 
the velocity {v) of the momentary pole will be the fame 
with what vek)city foever (<?) the point of a<aion of the 
force y be varied; the dire<aion in which that force a<5ts 
t)eing always at right angles to the ray Qq) from the 
center of the fphere, and to the tangent to the curve de* 
fcribed by {(j) fuch point of a<5lion. 

Yet, although t^ continue the fame whether, cat em 
paribus^ (u) the velocity of the point q be greater,, equal 
to, or lefs than e^ the immoveable circle in which the 
momentary pole will be found will not continue the 
fame ; that circle being greater, equal to, or lefs than the 

circle whofe radius is slf^-q'' according as uh lefs, equal 
to, or greater than ^, as will be made more evident by 
what follows. 

6. Fig* 5. Let/> (in the great drcle i^pt^qr) be one 
of the poles of the axis about which the iphere rstv, 
whofe radius is r, is revolving (according to the order of 

the letters v ^ s) with the angular velocity e^ meafured at 
4 the 
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the diftance r from the axis; and whilft it is fo revolving- 
let the faid pole be urged to turn about a diameter of the 

mid-cirde V 5^ s towards q, by an accelerative force F, and 
let fuch force continue to adt on the fucceffive new poles 

.it /// 

A A ^c- ^s they become fuch, always urging the fphere 
to turn about a diameter of the contemporary mid-^circle, 
whilft the direction in which fuch perturbating force 
a6ts is regulated in the following manner. 

Conceive the faid revolving fphere to be furrounded 
by an immoveable concave fphere of the fame ra- 
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dius r. Then the momentary pole (/>, />, py &c.) will 
always be found in fome curve ppp &:c, in the faid 

y y/ fJi 

concave fphere, and in fome curve ppp Sec. on the 
revolving fphere ; which laft mentioned curve will conti* 

nually touch and roll along the other curve ppp Sec* on 
the immoveable fphere, the force f and the dire<Stion in 
which it a6te varying in any manner whatever. Let f 
be invariable; then, it is obvious, the two curves fo 
touching each other will be circles ; and if great circles 

vq^vqf^q^ fee. be defcribed on the furf ace of the im- 
moveable iphere whofe planes Ihall be at right angles to 

y /yy// / // t// 

the plane of the circle ppp &c. the points <7, <?, ^, &c. 

N n 2 therein, 
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jthereiiij each 90'' cUftant from p, p, p, &c* refpediirely, 

will be in a circle {qqq &c.) parallel ta the faid circle 

jB^p p &c. New as a regulation v ta the diredlion in 
i»fiich the force f ihaU targe the momentary pcde, let 
lliat di$e£fcioBlSe al way s^ a* tangent to the greatrt circle fa 
jiaffing^throMg^ tha^ pale and the correfpon&nt point 

fi^^orq, &c. Whitft the arcs f^g'Sf^Jai are ta the arcs 

# a- i *tt* 

mp^ Fj^,&:e. rei|)e<SH:vely lathe coi:^m fatlo oi?i^ to ^. 

The dire€lfon in which titofoKer ^S^hsin^ibregu- 
^e^ it is-^ah^ious that title rodix^ of the drcle fpp 

&;c. being dmated by b^!&m rarikis oi the circle qqq 

&c. will be =r Vr*-^V ^^ dl^aace of th^e parallel cir-p 
^es being 90^* Therefare their ^perif^heries befog as the 
velocities (t? andi^) with which they are defcribed, their 

t^adii (i&«^and Vr^-v^*) will be in thr ratio of the faid velo- 
€itims;.thalis t?4#::i^tVr*--i6*; wheii€e>r beil^g ci:*~li*f 

%<the radiiis of the circle bb^p Sec* is found = • 
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— -I — ; znAiy r^-bt the i^ros ctf the drcie ^t^f 
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%fith the m0meiitary pole ^^ ,^, &:c* changes its place. 

Gonfequently^ if pr be an arc in the faid immoveable 
cx^ncave fphere whofe fineis — , w. „„ , = ■; ' , , , > the exeat 

* ' T _i _a 
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circles q f, f p, § ?, $&:. will ^ interfeft each other at the 
point R. 

7, MoreoYeFj.the force f being invariable and a6ling 
asexpreflfed in the preceding article^ the primitive |x>le 

p and the momentary p^les^^^^.&c, will all be found 

m a circle ppp &c» defciibed'npon the furface of the 
revolving fpherci, as obferved in that article;, which 
circle^ during the action of the force of Fj will (as is alfa 
obferved »in the faid article) always touch and roll * along 

the immoveable circle (ppp 8cc.) whofe radius we 



have jufl:-now>fQund= ' ^■-,;...^ =r ■--::,., ::;i -■ ■ , ;. the.^ p>int. of 
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c»nta£l being always the momentary pole. » 

Let the fine of the arc PQ^of the great circle RpQ^qr 
in the revolving fphere be equal to 4 the radius of the 

faid circle ^j&/> &c. then will the p^int q^and its op|K)- 

fite point (o) in the furface of the faid fphere^ during 

the aition of the force f^ defcribe circles in the fur- 

3 rounding 
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rounding immoveable concave fphere parallel to (p p p 

H m 

tLc.) the circle defcribed by the momentary |»le p^ />, 
Sec, in the fame concave fphere. And fuch p^int Q^and 
itB oppofite p>int (o) being continually urged by the 
force F in dire€lions at right angles to the tangents to 
the arcs they defcribe, their velocity will continue the 
fame as before the a£tion of the faid force commenced; 

s n m 

which vel<^ity, and the radius of the faid- circle ppp 
&c. will be determined by the following cx)mpntation. 

That radius being denoted by i, %ve have r ji :: # : — ? 

the velcKaty of the i^int ctbefore the action of the force 

F TOmmenwd; ^id bimixKi -j , the velocity of the 

fame point (ct) during the a£tion of that force, k being 
put for the line of the arc q^r ; therefore the velcx:ity of 
0^ continuing the fame during the action of f as l^fore, 

we have —--j • But k is the line of the fum of the arcs 

i t 

RP, PQ^, whofe fines are ^ ami k rdlpe<Stively; therefore 

K^^"^ + ■ -"^ ■■ will be = E ; and by fubftitution we get 

by the preceding article. Heace we find k = 

rv 



r'U 



the Rotatory Mat ion of Bodies^ a 79 

•: ; and it follows, that ■ ..^ ( = ~ ) will be 



equal to the velocity of the point q^, and likewife of its 
oppofite point (o) in the flirface of the fphere. It alfa 
follows, that K, the radius of each of the circles defcribed 
by thofe points., during the aiStion of the force f will be 

equal to . : — ±,:. - ^j — ^ 

By what is done it appears, that during the adion of 
the force f, the motion of the revolving fphere will be 

regulated by the circle ppp &c. thereon (whofe radius is 
V-^ \z — ; ^ I ^-zty S continually touching and rol- 
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ling along the immoveable circle ppp &c. (who£e ra* 
dius is -vZ-^ - I ^ X A fo that the velocity of the 
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point of contrad be = 'y = y . Coniidering the point Q^as 

always urged from the pointa p, p,, p. Sec, and confe- 
quently its oppofite point (o) towards thofe points, it is 
neceffary to obferve, that according as u is lefs or greater 

than ^, the arc PQ^(whofe fine is -~~^t**;\ will be lefs 

or greater than 90"^; and the point (o) oppofite to q^ 
on the furface of the fphere will accordingly be at a 

greater or lefs diftance than 90"* from p. 
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If u be negative? i^he mrc pa wliofe fine is 37?====^ will 

be greater than 90^ 

8. The motion of the fphere ^cording to the regula- 
tion in the preceding article is one motion compounded 
of the primitive motion of the i|)here and tbe motion 
generated by the adlion of the iOTce t» fiutxxmoeiving 

( y.— !!z ) th€ YdoGitf of the point <t.t^ »ife froiti an 

impulfe given to it whUft the fphere revolved about an 
axis df Which Q^was an immoveahle pole before fu<ik i-m- 
puli^^ aad^aAicmt which the mid^Gircle correfponding to 
that primitive axis revolved with liie angular velocity 

'•^'^aSa*''''^; and confid^ring that ^heforcejFyContinually 



a<Sting at rig^ angles to the momentary dke£tion of tfe^ 
point Q^and to the plane of the faid mid-circle, only ferves 
to alter the pofition of the faid priroitite axis ; we may, 
by the help of what is done above, explain the motion 
which the fphere will have, during the adVion of the 
force F, fo as to retain in our ideas the two primitive mo^ 
tions (one about the axis Qp, and the other about a dia- 
meter at right ai^gles to liiat ajds) ats x^maining diilan<a 
and unaJtered 
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(a) Denoting this by tf and the velocity of <^by 4 V^tf*+#is-=:<, agree- 
abktoart«4« 

Fig. 
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Figt 6. Let ED be a great circle on the revolving 
fphere, of which <j^ is a pole, and let a fmaller circle x>h 
parallel to (mq^) that which we havfe found will be de- 
^ribed by the point ct, be drawn on fht immoveable 
ccincave fpher$ fo as totoiach that great circle in the point 

(d) where the gre^t circle qjpr cuts it; the radius^ of 

h, ■ — -*- 

Then the revolving fphere, during the a<£^lon of the 
force F^ will ib move, that the firft mentioned ^eat circle 
(ed) Ihall continually touch and roll along the faid leffet 

circle 6Ly the veloc^y df the point of contaift (along that 

ft •■ • 
circle) being t: ■ ^■Sl!'^."\ ^^, ^fed the fj*tere ^ th^ fame 

time turning about thfe ajiis of which <:i^is a pok with the 
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primitive zn^xMx velocity "^ 

Thus the primitive motion about the axi? of which 
Q^is a pole is preferved diftin6t, whilft that pole proceeds 
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4efcribing a circle^ whofe radius is -->— - ^ ^ , , 

with the velocity ^ ,:^v ' ■ which we fuppofed given to 

it. 



(h) This is to the velocity of the point <^as y^r*— -K* to-k ; that is, as the 
radii of the arcs defcribed, 

Vo L. tXVII. O o It 
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It is obfervable, that the laft mentioned velocity will^ 
according to this regulation of the motion, be to the 
primitive angular velocity about the axis of which Q^is a 
pole, as v^tBe-u^ or as ^ to u-ey according as ^ is lefs or 

greater than ei that is,^ according as the are pq^is lefs or 
greater than 90°* 

9. From v^hat has beea faid it follows,, that denoting 
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the two primitive angular velocities ■■■ - ' ' > and 



ev 
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(fpecified m the preceding article) by c zndd 
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relpecSlively, the radius (fig. 5.) of the circle />^/> &:c. 



it 



dr 



(or fine of the arc pq==pq^3^ &c.) will be = — ; the radius 

of the circle ppp Sec. (or fine of the arc pr=p%,&c.)j=: 

: a. great circle paijing through, the 



primitive poles o ando^ on the revolving fphere, wiE 
turn from the pofition oRCtwith the velocity -^ meafurei 

at the mid-circle, or with the velocity 
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meafured at the fixed point r; whilft thoie poles defcribei 
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with the velocity 4 circles parallel to ppp &c. the 
radius (k) of each of the circles (fig. 6.) fo defcribed 

l)eitig 
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being = .,,\ / the radius (yir^-K*) of ^^ 



circle dl will be = ; ^^^^±££ — ^ ; and the velocity 

(•--r^^'-"- I alone the faid circle dl = ^ + ~ : the up- 
per or lower of the double figns taking place according 
as ^ (= ^ ^ "57/ ^^ ^^^^ ^^ greater than e\ that is, according 

' dr\ 

as the arc PQ^(whofe jfine is = yy is lefs or greater than 

10. As an inftance of the ufe of the preceding con- 
clufions, I will now apply them in the folution of a very 
interefting problem, which I have not before feen folved. 

Suppofe a given fpheroidy whiljl revolving uniformly 
about its proper axiSj with a given angular velocity^ to be 
fuddenly urged by fome percujfive force to turn^ with fome 
given angular velocity^ about a diameter of its equator ; // 
is propofed to explain the rotatory motion of the fpheroid 
confequent to the impulfefo received. 

Fig. 7, 8. Let DOEQ^be the fpheroid, whofe femi-axis 
co=:CQ^is=^, and equatorial radius CD=:CE=:r; and 
fuppofing it before the impulfe to revolve about its pro- 
per axis oQ^with the angular velocity c^ meafured at the 
diftance r from the axis, let the poles (o atid q^) be fud- 
denly urged by fome percuffive force to turn about a 

O o a diameter 
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diameter of the equator of the fpheroicl, with the angu^ 
lar velocity dy hkewile meafured at the diftance r from 
that diameter. Upon receiving fuch impulfcj the fpheroid 
will take a new axis of motion j which will be a momen- 
tary one; fiippofe fuch new axis to be^c^r^'^. Then the 
particles- of the fpheroid being urged (or having a ten- 
dency) to turn about that axis with the angular velocity 

yc^+d^'y (which we will, denct^e by e) their joint centri-* 
fogal force will fo urge the fpheroid to turn about that 
diameter of the equator which fliail be at right angles to 
the momentary axis ^cr, that the accelerative force of 
the point d of the equator to turn it about the faid dia-^ 
meter according to the order of the letters d q^e will (as 
appears by what is proved in art, i • and in the Appendiic 

annexed hereto) be=: —x^j-j^jx or T-xp— p according as 

^ is lefs or greater than r : and it follows from hence and 
what is proved in art. 3. and 4. that %the angular velo- 
city (at the diftance r from c) with which the momen- 
tary pole-^ will change its place^ will accordingly be = 






(c) To find Ae^pofitioa of this axis fee art* i. by mUch tke fine of Ae angle 



dr 

oc,^ (to the radius r J Is found zs —« 



More- 
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Moreover, referring to our obfervation in art. 8. let 

^r-^ be to T^x^^ (t^be value of jp) as c tod^u being 

greater than e\ or let e-u be to 7- >< prj^p- as ^ to 4 ?^ being 
lefs than ei Avb^ence, m-both cafes^ we Ihall have the 

-^xrr^/ for^the valne of ur-e; and 

confequeatly u^ in both cafes, will be = # ri- — x j^ « 

Conceive -now a fpherical furfaee withoitt matter^ 
having the fame center and radius as the equator de, to 
be carried about with the revolving fpheroid; aadfup- 
pofe a fphere, whofe radius is r, to revolve about an 
axis pG^ with the angular velocity ^, and> whilft it. is 
fa revolving, let aa accelerative force (f) equal to 

^x-TT-rnor x-r-— .,, according as A is lefs or greater 

than r, urge the pole py and the fucceffive momentary 
poles as they become fuch, to turn about a diameter of 
the contemporary mid-circle in the manner expreffed irr 

art. 6. u being to ^v. as e + -jx -q;^ to — x^r^p or as e -k 

—xrq;j, to J XyTT^) according as ^ is lefs, or greater 

than r. Then will the motion of the fu^rface of this 
fphere be exa6tly the fame as the motion of the faid 
fpherical furface carried about with the revolving 
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Ipheroid after receiving the impulfe of the percuffive 
force. Therefore, having reference to our condufions in 
the preceding articles, we, by fubftitution, readily obtain 
folution to our problem. 

By fubftituting properly — x -pr^^ or — x ^j^^^^ for f, v^e 



^V dr r' + ^*v 



^-2 f 1J- 






^ 



rxca-{'rF 2r^ 






and r + -7 = 



Which equations, refpe6t being had to the condufions in 
art. 8. and 9. indicate that^ whether^ be lefs or greater 
than r, if an imnoioveable circle dl, whofe radius is = 

T'' ' ' ^^ 9 be conceived to be defcribed in a plane 

V4r*+7T^ X7 

inclined to the plane of the equator of the fpheroid (be- 
fore the impulfe) in an angle whofe fine (to the radius r) 

h = -^ X - 7-- - "■ - • ' ,, , fo that the faid circle touch 

y 4r*+PT^ x~ 

the {aid equator in the point d in the feilion o/>dqe; 
the fpheroid after the impulfe will fo revolve, that its 

equator 
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equator will always touch and roll along the faid im- 
moveable circle (dl), the velocity of the point of con- 
tact (along that circle) being = 7^^^ whilfl the fpheroid 

turns aboxit its proper axis (oq^) with the primitive an- 
gular velocity c, and the poles o and ct (by the. faid 
rolling of the equator) defcribe circles (whofe radii are. 

each = — X J ^ jj S parallel to the faid circle, 



'^ ^r'''{-7TWX'T) 



DL, with the angular velocity d (or their proper velocity 

~) which we fuppofed given to them by the impulfe^"^^.. 

Thus the motion of the fpheroid confequent to the im- 
pudfe appears to be remarkably regular. 

And in the very fame manner may be explained the 
motion of a cylinder, whofe primitive motion, about its 
proper axis may be difturbed by fome percuffive force in 
like manner as we fuppofed the fpheroid difturbed; only 
(inftead of the former fubftitution for f) fubftituting for 
the ^c^lerative force arifing from the centrifugal force 
of the particles of the revolving cylinder its proper value 

7 ^ ^T^t^i (computed in our Appendix) and afterwards 
proceeding as we have done with regard to the fpheroid, 

(d) Otker ways of. fol ving the problem are alfo fuggefted by the preceding 
sgrticles, 

iJde 
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i denoting half the length of the cylinder, atid r the 
tadius of any fe<Stion at right angles td its prdfler mm. 

7 ^ 3P+4F / ^^ exf^^effion for the faid 
accelerative force refpeiling the cylinder vmnMltes #hen # 

is = ^ , it is manifeft that the cylinder in that cafe will 

(with refpeft to its own particles) iindiftiirbedly revolve 
a1>ont any axis whatever paMng through its center of 
gravity^ as will a fphere. Which remarkable p-oi^rty of 
that particular cylinder I believe has not before been 
taken notice of* 

There are, I am aware, bodies of c^^ forms Mving 
the like property* 

The preceding articles lead us to confider the liiotioa 
of the earth's axls^ in a light, I prefiime, more clear and 
fatisfacftery than any in which it has before been confi- 
dered ; but I muft, for want of leifure, defer making the 
application till fome future opportunity ; only obferving 
here, that by what is done above it appears, that from 
the a£lion of the Sun and Moon on the mrth its axis has 
a diurnal motion, which I have no where feen explained. 
Which motion is not mUch unlike that of the axis of 
the revolving fpheroid juft now confidered, when (a^) 
this laft mentioned axis is many times longer than (a r) 
A the 
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the equstforial diameter of the faid Iphoroidi and - very 
imalL 
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APPEND! X. 

Shmjoing how the joint centrifugal force of the particles of 
afpberoid or cylinder^ having a rotatory motion about 
any momentary axis^ is computed. 

I • FIG» 9. Let^ be a particle of matter firmly connected 
with the plane moEFQp, in which the line occ^is fitnated ; 
and pq being a perpendicular from p to the faid plane, 
let the diftance pq be denoted by ui alfo, the line qi 
being at right angles to o/c<tj let the diftance^/ be de- 
noted by b. The% the faid plane with the particle^ 
being made to revolve about o/c<tas an axis, with the 
angular velocity \^ meafnred at the diftance a from the 

faid axis, the velocity ofp will be = ~, and its centri- 
fugal force from / will (by a well-known theorem) be = 



»#* 



2, J^ jN p 

-r to make it a" the expreffion being -^x p» Whence, 

by refolving that force into two others, one in the 
direction qp^ and the other in a diredion parallel to 
/f, it appears that the force urging p from the plane 

BOEFQG willbe=: -r K /, let the diftance /<2' be what it wilL 

V O !,• JUykVil» Jr p a» 1 JlC 
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a. The particle p being canne£ted with the plane 
DOEFQG as mentioned ia the preceding article, and ilm 
diftance e/ Being denoted by *z;; Up be nrged diredtly 
from the faid plane by a ioncefuxpy the-efEcacy of that 
force to tiarn the faid plane about the line Hci,, therein, 
drawn at right angles to. occ^, will (by the property of the 

lever) be equivalent to the force - ^"^^^ acftihg on the 

Md line oc% at right angles to the faid plane at the dif- 
tance g from the point c. 

Moreover it is obvious, that, ceteris paribus^ the efS- 
cacy will be the fame let the diftance of ^ from /be what 
it wilL 

Fig. 10. Let (7 coincide with /; and let ci be a line 
in the plane dp continued' (which plane will be at right 
angles to the plane doefqg); aifo, pk being at right an- 
gles to ck^ let thofe lines ^i and C/l be denoted by %v and 
K refpeaively. Then the fine and cofine of the angle 
j^co to the radius i, being refpe6tively denoted by m and 



^, the force-^"^^^ will be -^-^ x m nx w^'-x^ -^nf-ff x wx. 

Confequently, if each particle of any folid body, through 
which a line HCi and a plain doeifqgh may be conceived 
to pafs, be urged from that plane by a force exprefTed by 
fuxp as above; the force which^ acting on the line 
ocQ^at the diftance^- from c, would be equivalent to the 

efficacy 
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efficacy of all the forces z&mg on the feveral particles of 
that body to turii the fame about the line hci will 
be obtained by computing the fum of all the forces 

^~ Kmn>^W-x'''¥nf-n'xwx a^ing on the faid body. 
The computation of fach equivalent force will in moft 

c^fes be abridged by bbferving that, if /i be continued to 
it ft 

p{o that kp be = kp^ the efficacy of the force on the par- 

// 
ticlej), to turn the body about the line hci in oppolition 

to the force oh the particle />, will be reprefented by 

the equivalent force"^--^ x.mnx.x'-'-w'-'^ni'-n'xwx a£ting 
on the line ocQ^at the diftance g from c ; and that there- 

fore the efficacy of the two forces on p and />, to turn the 
body about HCI, wUl be reprefented by the equivalent 

force -"^ xmnx'Vff'-x'' a6l:ing on the line occt, at right 

angles to the plane doeifqgh, at the diftance j- from c. 

3. Fig. 1 1, 1 2. If the body be a cylinder, afpheroid, 
or the like, and its proper axis be fituated in the line c^, 

the ordinates correfponding the abjcijfa kp^ kpy in tne 
circular fe<Slion hi whofe center is /I, will each be paral- 
lel to that diameter paffing through c, about which the 
body will be urged to turn ; and each of thofe ordinates 

will be = s/f--w% y being the radius of fuch fe6tion. 

P p 2 Therefore, 
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Therefore^ writing £ V^*~^* inftead of />, it follows that 

—^xmnxx-^ — atV, the whole fluent of - ' — x 



// 



mnxxw^-^x^xw^ generated fe?(=ij^=i^) from o becomes 
equal to the radius y (both at and y being confidered as 
invariable) will expreft the value of the force which j, 
a<Sting on the line ocQ^atthe diftance^ from c, would be 
equivalent to the force of all the particles in the faid fee- 
tio% whofe thicknefs is denoted by the indefinitely fmall 

quantity x ; the diftance c k being denoted by ^, and a 
being put for (.78539) the area of a quadrant of a circle 
whofe radius is I • 

4. Fig. 1 1 . In the cylinder whofe length is %b and dia* 



tnetey %riy being - r, ~- -x'-y'- will be = r* x -7 -;^* : con- 



fequently, the fluent of -— -a;'x;v, generated whilft x 
fjrom becomes = b^ being -^ - t 5 we have -^^ xmnx 

~ - - = -^ X 3r* - 4^* X M for the force which, ading 

as above at the diftance g from (c) the center of gravity 
of the cylinder, would be equivalentto the efficacy of the 
forces a6ting as above on all the particles of the cylinder 
to tura it about a diameter paffing through c, M being 
the mafs or content of the cylinder, 

7 5- Fig- 
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5. Fig. r2^* In the fpheibid whofe proper axis is %^ 

f» ■ — — — «« 4.. 
Mid eq\iatorial diameter % r, / being = ^» x 6''-x% ^ - .1^*/ 



will be =: r* X — ~^ + Li^ -.^+ ± : confeqnently, the 



^x^x r^'x^x . • ■ , . M^x 



flnent.of-^--^|r+7|r'--^*^+ir^^^ generated whilft^ from 
o becomes = 6^ being —--^ + ^""T"*"'j*'^Fj ^ r^^ -^ 5, we 



'^A/rV _^^ ;^^^^ \^_fmn 



have " j^ ' " X i?i ^ X r^i'-i^^—^ x r^ - # x.' s for ■ the force 

which, acting at the diftance j^ from e the center of the 
fpheroidj %vonld be equivalent to the efficacy of the 
forces acting as above on all the particles of the fpheroid 
to turn it about a diameter of its equator, s being the mafs 
or content of the fpheroid* 

Thefe equivalent forces are diftinguiihed by the name 
of motive forces; the corref|X)ndent accelerative forces 
are computed in the following articles. 

6. Fig. 13. The body being a fpheroid %vhofe center 
is c, and whofe proper a^cis pn is = a ^ and equatorial dia- 
meter AB = ar; let F be the accelerative force of %par- 
tide at the diftance^ from the axis about which the body 
is urged to turn, which axis is fuppofed to be a diameter 
of its equator. Denote c^ by x; ki hj y; and let the 
a^fcifa ko and its correfpondent ordinate (parallel to the 
laft mentioned axis) in the circle whofe radius is ii be 

denoted 
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denoted by s and / refpeilively. Then, confidering the 
body as urged to turn about that diameter of its equator 
which is at right angles to ab, the accelerative force of 



ev^ery particle in the iaid ordinate will be = ^^— : — x f, 
tod the motive force of all the particlesin the fame ordinate 



will be = ^^ti^ X w4s^ ^^iLli x Fi y/-?; to which (by 



?•+*'* 



the property of the lever) a motive force =:—t~ x f s Yy^— / 

a€Hng at the diftancej- from the center at right angles to 
a ray therefrom would be equivalent. Therefore, confi- 
dering ^ andj^ as invariable, and s only as variable, 



"—-H the whole ftueilt of i V/-J* xs^+sc'' will denote a 
i 

force which^ aaing at the diftanc« j* from c, would be 
equivalent to the jnotive force of all the particles in the 

fecStion ii whofe xadius is ki and thicknefs x. Which 



Ar* 



fluent is = aj»^x#^4- Y=^ k^^--^^x^*+ px#-^% Con- 
fequently^^4^ x the whole fluent of ^ x r-.:^' x 



jv^+ -^ K ^-x^ will denote a motive force which, a£king 

at tlie diftance g from c at right angles to a ray therefrom, 
would be equivalent to the whole motive force urging 
:the fpheroid to turn as above mentioned. Such equivalent 

forct 
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force will therefore be = ^ /^^ xr^^H-r^^^^T^x r*+^*x s: 

and this being put zz^—- xr^-d* x s (the value of the 

fame force found in art* 5.) we find Y-fgmfix ;?t;^ J 

which will be = ^^ x pqpp, if / be = j., its value 
computed in art. i. 

Or F will be denoted by ~ x jTzpl if i be to ezsnu 

to d^ and as n to c*^ and iS^ and ^ be each = r. 

7. Fig* 14. The body being a cylinder whofe center 
of gravity is in c, and whofe proper axis fn is %b and 
diameter %r\ the accelerative force (f) at the diftance 

g from c, will in Irke manner be found = ^^~ x ^ y^\ ^ ; 

the cylinder being corifid^ted as urged to turn about a 
diameter pafjing through c . 

Ifi: e::m:d :: n : c^ and a and ^ be each =: r, f will 

be=: — x-^-T—^' 




